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ABSTRACT 

Free resolutions for a metacyclic group M and a factor group G of the Heisenberg group from 
their presentations constructed by solving system of linear equations over the integral group ring 
and determined the homology and cohomology groups. The method is straightforward, and the 
free resolutions are explicitly expressed in terms of the free generators. The resolutions yield the 
homology and the cohomology groups immediately.  
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1. Introduction 
We have computed the homology and the cohomology groups of a metacyclic group M 
and a factor group G of the Heisenberg group by constructing free resolutions.The 

Heisenberg group H3is the multiplicative group of the matrices  where x, y, z 

are real numbers ([22], p.467). Huebschmann[9] has determined the cohomology rings of 
G using the sophisticated and complicated machinery of perturbation theory developed by 
him. He has also dealt with the modp cohomology of M [11]. To construct our resolutions 
we do not need to use any sophisticated machinery such as Künneth relations, spectral 
sequence and perturbation theory of homological algebra and Identity Theorem of 
combinatorial group theory. The “rewriting systems” of Groves [5] and Carbone [2] also 
have not been used. We have obtained our resolutions by extending Lyndon’s partial 
resolution ([6], [12], [13]) through step by step solutions of systems of linear equations 
over the integral group rings. The details of the construction are given in [19]. Let G = 
F/R where F is the free group on {x
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1, · ·  , xm} and R the normal closure of {r1, · · · , rn}. 
Let π : F → G be the ring homomorphism which extends the canonical 
homomorphism from F onto G, and let π(xi) = hi. Then Lyndon’s partial free G-
resolution of  is the following: 
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where 

Y0  is a free right G-module on {α1, · · · , αm}, 

Y1 is a free right G-module on {β1, · · · , βn}, 

and ε, d0, d1 are G-homomorphisms given by 

ε(g) = 1, for all g ∈ G 

d0(αi) = hi− 1, i = 1, · · · , m,  

d1(βj) = ∑ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
π=

m
i

i

j
i x

r
a1 , j = 1, · · · n ,Here 

∂rj

 ∂xi
 is the Fox derivative [4] of rj with respect to 

xi and is defined by 

 r -1 =
∂rj

 ∂xi
∑ −=

n
i ix1 )1(  ,  j = 1, · · · n, 

For the extension of this partial resolution, the first set of equations is obtained by 
equating the right hand side expression for the map d1 in (P). The solutions of this set of 
equations is the kernel of d1. From these solutions we can read off the generators of the 
next term Y2 and the next homomorphism d2 in the extension of (P) such that  

Im d2 = Ker d1. 

Similarly, we can get the next term Y3 and the next homomorphism d3 in the extension 
from the set of equations obtained from d2 as in the case of d1. An extension of (P) to a 
full resolution is obtained by continuing this process. 

As the terms of this resolution are free modules on explicitly given generators and the 
homomorphisms are explicitly defined on these generators, the resolutions immediately 
yield the homology and the cohomology groups with arbitrary coefficient modules. These 
have been determined and the integral homology and the cohomology groups have been 
explicitly calculated. One of the objectives in choosing these two groups is to exhibit the 
relative simplicity of our method in comparison to that of Huebschmann. While the latter 
method is applicable to a wide class of groups including nilpotent groups of class 2, our 
method too has been applied to different classes of groups ([1], [14], [15], [16], [17], [18], 
[20], [21]) and is applicable to many others. 

 

2. Determination of Homology and Cohomology of a factor group of the 
Heisenberg group 
The Group G considered here is given by 

generators : h1, h2, h3; 

relations :[h1, h2] = h3,[h2, h3] = 1 = [h1, h3],  = 1, where l ∈   lh3
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Then G can be viewed as a central extension of l by  × , l is a cyclic group of order 
l. Also we can see that G is a factor group of Heisenberg group H with generators : h1, h2, 
h3; relations : [h1, h2] = h3,[h2, h3] = 1 = [h1, h3], = 1. lh3

Thus G = F/R, where F is the free group generated by x1, x2, x3and R is the normal 
subgroup of  F generated by r1, r2, r3, r4where 

r1= x3
-1 x2

-1 x1
-1 x2x1, r2= x2

-1 x3
-1 x2x3, r3 = x1

-1 x3
-1 x1 x3, r4 = . 1

3x

Then the fox derivatives are: 

1

1

x
r

∂
∂  = - x1

-1 x2 x1+ 1, 
2

1

x
r

∂
∂  = – x2

-1 x1
-1x2 x1+ x1, 

3

1

x
r

∂
∂  = – r1, 

1

2

x
r
∂
∂  = 0, 

∂r2

∂x2
 = – r2+ x3, 

∂r2

∂x3
 = – x3

-1 x2 x3+ 1, 

1

3

x
r
∂
∂  = - r3+ x3, 

∂r3

∂x2
 = 0, 

∂r3

∂x3
 = – x3

-1 x1 x3+ 1, 

1

4

x
r
∂
∂  = 0, 

∂r4

∂x2
 = 0, 

∂r4

∂x3
 = – x3

l-1+……+ 1, 

Let π : F → G be the ring homomorphism induced by the canonical homomorphism 

of F onto G with R as the kernel. Let π(xi) = hi, i = 1, 2, 3. Then, 

π ⎟⎟
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Theorem 1.1  
The following is a free G-resolution of  : 

... ... ... ... ... ... .   
02232

11111

ddddd
YYYYY →→→→→

ε
→  → 0 

where 

Y0 is a right G-module free on α1, α2, α3; 
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Y1 is a right G-module free on β1, β2, β3, β4; 

and ε, d0, d1, d2, d3 are the G-homomorphisms and given by 

ε(g) = 1, for all g ∈ G 

d0(αi) = hi− 1, i = 1, 2, 3,  

d1(βj) = ∑ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
πα=

3
1i

i

j
i x

r
, j = 1, 2, 3, 4 

d2(β1) = β1(h3- 1)-β2(h1–h2)+β3(1 - h2 h3) 

d2(β2) = β2(h3
l-1+……+ 1) + β4(h2− 1), 

d2(β3) = β3(h3
l-1+……+ 1) + β4(h1− 1), 

d2(β4) = β4(h3− 1), 

d3(β1) = β1(h3
l-1+……+ 1) + β2(h1− h3) + β3(1 − h2h3) − β4, 

d3(β2) = β2(h3− 1) + β4(1 − h2), 

d3(β3) = β3(h3− 1) + β4(1 − h1), 

d3(β4) = β4(h3
l-1+……+ 1). 

Proof 

By (P) it is sufficient to verify the exactness of the sequence only at the first, second and 
thirdY1’s from the right. 

Exactness at Y1 (first from the right) 

d1d2(β1) = d1[β1(h3− 1) − β2(h1− h3) − β3(1 − h2h3)] 

= (α1(1 − h2h3) + α2(h1− h3)−α3)(h3− 1) − (α2(h3− 1) + α3(1 − h2))(h1− h3) 

−(α1(h3− 1) + α3(1 – h1))(1 − h2h3)) 

= 0, 

Similarly, one can easily show that, d1d2(β2) = 0 = d1d2(β3) = d1d2(β4). 

Ker d1 ⊂  Im d2. 

Conversely, let d1(β1γ1+ β2γ2+ β3γ3+ β4γ4) = 0, for some γi∈ G, i = 1, 2, 3, 4. 

Then    [α1(1 − h2h3) + α2(h1− h3) − α3]γ1+ [α2(h3− 1) + α3(1 − h2)]γ2

+[α1(h3− 1) + α3(1 − h1)]γ3+ α3(h3
l-1+……+ 1)γ4= 0. 

Since, Y0 is free on α1, α2, α3, this implies that 

 (1 − h2h3)γ1+ (h3− 1)γ3= 0 … (1) 

(h1− h3)γ1+ (h3− 1)γ2= 0 … (2) 

−γ1+ (1 − h2)γ2+ (1 − h1)γ3+ (h3
l-1+……+ 1)γ4= 0 … (3) 
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Multiplying (1) by h3
l-1+……+ 1, we have 

 (h3
l-1+……+ 1)(1 − h2)h3γ1= 0. Since the order of h2 is not finite, 

(h3
l-1+……+ 1)γ1= 0. Hence by Proposition 1 of [14] 

γ1= (h3− 1) γ´1 for some γ´1∈ G. 

Put the value of γ1 in (2), we get 

 (h3− 1)[(h1− h2) γ´1 +γ2] = 0. Therefore, 

(hl− h3) γ´1 +γ2= (h3
l-1+……+ 1) γ´2, for some γ´2∈ G, by Proposition 2 of [14]. 

∴ γ2 = (h3
l-1+……+ 1) γ´2− (h1− h3) γ´1.

Substituting for γ1 in (1) and applying Proposition 2 of [14] we have, 

γ3= (h3
l-1+……+ 1) γ´3− (1 − h2h3) γ´1.

Now putting the value of γ1, γ2 and γ3 in (3), we get, 

 (h3
l-1+……+ 1)[(1 − h2) γ´2+ (1 − h1) γ´3 + γ4] = 0. 

Thus, γ4= (h3− 1) γ´4+ (h2− 1) γ´2+ (h1− 1) γ´3, for some γ´4∈ G. 

Hence β1γ1+ β2γ2+ β3γ3+ β4γ4

= {β1(h3− 1) − β2(h1− h3) − β3(1 − h2h3)} γ´1+ {β2(h3
l-1+……+ 1) + β4(h2− 1)} γ´2

+{β3(h3
l-1+……+ 1) + β4(h1− 1)} γ´3+ β4(h3− 1) γ´4

= d2(β1 γ´1+β2γ´2+β3γ´3+β4γ´4) ⊂ Imd2. 

∴ Ker d1= Im d2. 

Exactness at Y1(second from the right) 

The kernel of d2 contains the image of d3 is obvious; so we only prove its converse. 

Let β1γ1+ β2γ2+ β3γ3+ β4γ4∈ Ker d2, 

Then d2(β1γ1+ β2γ2+ β3γ3+ β4γ4) = 0. 

i.e., [β1(h3−1)− β2(h1− h3)− β3(1−h2h3)]γ1+{β2(h3
l-1+……+ 1)+β4(h2− 1)}γ2

+{β3(h3
l-1+……+ 1) + β4(h1− 1)}γ3+ β4(h3− 1)γ4= 0. 

Since β1, β2, β3, β4, are linearly independent 

(h3− 1)γ1= 0 

(h3
l-1+……+ 1)γ2− (h1− h3)γ1= 0 

(h3
l-1+……+ 1)γ3− (1 − h2h3)γ1= 0 

(h3− 1)γ4+ (h1− 1)γ3+ (h2− 1)γ2= 0. Thus, from the first equation, we have 

 γ1 = (h3
l-1+……+ 1) γ´1, for some γ´1∈ G, by Proposition 2 of [14]. 
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Putting the value of γ1 in the second and third equations and applying Proposition 1 of 
[14], we get 

γ2= (h3− 1) γ´2+ (h1− h3) γ´1

γ3= (h3− 1) γ´3+ (1 − h2h3) γ´1, for some γ´2 , γ´3 ∈ G respectively. 

Substituting for γ2and γ3in the last equation and an application of Proposition 2 of [14], 
gives 

γ4= (h3
l-1+……+ 1)γ´4−γ´1+ (1 − h2) γ´2+ (1 − h1) γ´1, for some γ´4∈ G. 

Therefore, β1γ1+ β2γ2+ β3γ3+ β4γ4= d3(β1 γ´1 + β2γ´2+ β3γ´3+ β4γ´4) ∈ Im d3. 

∴Ker d2= Im d3. 
 
Exactness at Y1(third from the right) 

By the definitions of d2 and d3

Ker d3 ⊂ Im d2. 

So let β1γ1+ β2γ2+ β3γ3+ β4γ4 ⊂ Ker d3, then d3(β1γ1+ β2γ2+ β3γ3+ β4γ4) = 0, 

i.e., β1(h3
l-1+……+ 1)γ1+ β2(h1− h3)γ1+β3(1 − h2h3)γ1−β4γ1+ β2(h3−1)γ2+β4(1 −h2)γ2

+ β3(h3− 1)γ3+ β4(1 − h1)γ3+ β4(h3
l-1+……+ 1)γ4= 0. 

Since Y1 is free on β1, β2, β3, β4, we have equations 

(h3
l-1+……+ 1)γ1= 0, 

(h1− h3)γ1+ (h3− 1)γ2= 0, 

(1 − h2h3)γ1+ (h3− 1)γ3= 0, 

−γ1+ (1 − h2)γ2+ (1 − h1)γ3+ (h3
l-1+……+ 1)γ4= 0. 

From the first equation, by Proposition 1 of [14], we have 

γ1= (h3− 1)γ´1, for some γ´1∈ G. 

Substituting in the second equation and applying Proposition 1 of [14], we get 

γ2= (h3
l-1+……+ 1) γ´2− (h1− h3) γ´1, for some γ´2 ∈ G. 

Similarly, the third equation gives 

γ3= (h3
l-1+……+ 1) γ´3 − (1 − h2h3) γ´1, for some γ´3∈ G. 

Substituting for γ1, γ2 and γ3 in the last equation and applying Proposition 1 of [14], we get 

γ4= (h3− 1) γ´4− (1 − h2) γ´2 − (1 − h1) γ´3, for some γ´4 ∈ G. 

Thus, β1γ1+ β2γ2+ β3γ3+ β4γ4= d2(β1 γ´1 + β2γ´2+ β3γ´3+ β4γ´4). 

           ∴ Ker d3= Im d2. 
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By the nature of the sequence we do not need to consider any more terms, and the proof 
of the theorem is complete. 

Homology Groups of G 

Let A be a left G-module. The homology groups Hn (G, A) are given by the homology of 
the complex: 

... ... ... ... ... 0
02232 44444 →→→→→→ AAAAAA

ddddd
 

Where Anstands for the direct sum of n isomorphic copies of A and the homomorphisms 

3210 ,,, dddd  are induced by d0, d1, d2, d3  respectively and are given by 

0d  (a1, a2, a3) = (h1− 1)a1+ (h2− 1)a2+ (h3− 1)a3, 

1d (a1, a2, a3, a4) = ((1 − h2h3)a1+ (h3− 1)a3, (h1− h3)a1+ (h3− 1)a2, −a1+ (1 − h2)a2

+(1 − h1)a3+ (h3
l-1+……+ 1)a4), 

2d (a1, a2, a3, a4) = ((h3− 1)a1, (h3
l-1+……+ 1)a2− (h1− h3)a1, (h3

l-1+……+ 1)a3

−(1 − h2h3)a1, (h3− 1)a4+ (h1− 1)a3+ (1 − h2)a2), 

3d (a1, a2, a3, a4) = ( (h3
l-1+……+ 1)a1, (h3− 1)a2+ (h1− h3)a1, (h3− 1)a3

+(1 − h2h3)a3, (h3
l-1+……+ 1)a4+ (1 − h1)a3+ (1 − h2)a2− a1) 

for all a1, a2, a3, a4∈ A 

When A is a trivial G-module , the above homomorphisms of the complex reduce to 
the following: 

0d (a1, a2, a3) = 0, 

1d (a1, a2, a3, a4) = (0, 0, −a1+la4), 

2d (a1, a2, a3, a4) = (0, la2, la3, 0), 

3d (a1, a2, a3, a4) = (la1, 0, 0, la4− a1). 

Therefore, in this case, we have 

H0 (G,   ) ≅   

H1
(G, ) = 

},),0,0{(
},,,),,{(

4242

322322

2

0

Zaaaa
Zaaaaaa

dlm
dKer

∈+−
∈

= ≅ (x, y, z | z = 0, lz = 0) ≅ 2

H2 (G, ) =
)()(

)()()(
},)0,,0{(

},,,),,,{(

3242

43424321

2

2

lzly
zyx

Zaalala
Zaaalaaaaaa

dlm
dKer z

+
⊕⊕

=
∈+

∈=
=  
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                 ≅ (x, y, z | ly = 0, lz = 0) ≅ ⊕l⊕l

H3 (G,   ) 
},),0,0,{(

},,,;0),,,{(

42242

4223324321

3

2

Zaaalala
Zaaaaaaaaaa

dlm
dKer

∈−
∈==

 =

= 
)()(

)()(
lyylx

yx
+−

⊕  , writing x = (1, 0) and y = (0, 1). 

= (x, y | y = lx, ly = 0) = (x|l2x = 0) ≅ l
2

= H4(G, ) = 
},)0,,,0{(

},,,;,0),,,{(

3232

43224224322

3

2

Zaalala
Zaaaalaalaaaaa

dlm
dKer

∈
∈==

= = 
)()(
)()(

lylx
yx

+
⊕  

≅ (x, y| lx = 0, ly = 0) = (x|l2x = 0) ≅  l ⊕ l

Thus H2n–1 (G, ) ≅ l
2, n ≥ 2.  

H2n (G, ) ≅  l ⊕ l, n ≥ 2.  

Cohomology Groups of G 

Let A be a right G-module, then the cohomology groups Hn (G, A) are given by the 
homology of the complex: 

... ... ... ... ...  0
*
0

*
1

*
2

*
3

*
2 44444 ←←←←←←← AAAAAA

ddddd

where An is the direct sum of n isomorphic copies of A and the homomorphisms 
 are given by d*

3
*
2

*
1

*
0 ,,, dddd 0, d1, d2, d3 respectively and given by 

*
0d  (a) = (a(h1− 1), a(h2− 1), a(h3− 1)), 

*
1d (a1, a2, a3) = (a1(1 − h2h3) + a2(h1− h3) − a3, a2(h3− 1) + a3(1 − h2), 

a1(h3− 1) + a3(1 − h1), a3(h3
l-1+……+ 1)), 

*
2d (a1, a2, a3, a4) = (a1(h3− 1) − a2(h1− h3) − a3(1 − h2h3), a2(h3

l-1+……+ 1) 
+a4(h2− 1), a3(h3

l-1+……+ 1) + a4(h1− 1), a4(h3− 1)), 
*
3d (a1, a2, a3, a4) = (a1(h3

l-1+……+ 1) + a2(h1− h3) + a3(1 − h1h2) − a4, a2(h3− 1)) 
+a4(1 − h2), a3(h3− 1) + a4(1 − h1), a4(h3

l-1+……+ 1)). 

When A is a trivial G-module , the above homomorphisms of the complex reduce to 
the following: 

*
0d (a) = (0, 0, 0), 
*
1d (a1, a2, a3) = (−a3, 0, 0, la3), 
*
2d (a1, a2, a3, a4) = (0, la2, la3, 0), 
*
3d  (a1, a2, a3, a4) = (la1− a4, 0, 0, la4). 



Homology And Cohomology  17 
 

Therefore, in this case, we have 

H0(G, ) ≅   

H1(G, ) = 
}0,0,0{

},)0,,{( 2222
*
0

*
1 Zaaaa

lmd
Kerd ∈

= ≅  ⊕  

H2(G, ) = ≅=≅
+−
⊕

≅
∈−
∈

= ),(
)(
)()(

}),0,0,{
},)0,0,{(

333

4242
*
1

*
2 lyxyx

lyx
yx

Zalaa
Zaaaa

lmd
Kerd

l
2

H3(G, ) =
},)0,,,0{

},,,;0,),,,{(

3232

43214424322
*
2

*
3

Zaalala
Zaaaalaalaaaaa

lmd
Kerd

∈
∈==

= ≅ l ⊕  l

H4(G, ) 
},),0,0,{(

},,,;0),,,{(

42442

4321324322
*
3

*
2

Zaalaala
Zaaaaaaaaaa

lmd
Kerd

∈−
∈==

=  

                         ≅ 
),(

)()(
lyxlx
yx

+−
⊕  ≅ (x, y|lx = 0, x = ly) ≅ (y|l2 = 0) ≅  l

2. 

Therefore H2n–1(G, ) ≅ l⊕l, n ≥ 2.  

H2n (G, ) ≅  l
2, n ≥ 1.  

 
3. Determination of Homology and Cohomology of the Metacyclic Group  
An infinite Metacyclic group M has a presentation: 

generators : h1, h2; 

relations : = 1, hrh2 1h2 = ; (r, t) = 1. 1
1
−h th2

Every finite metacyclic group can be regarded as a factor group of M.  

We see that, M = F/R, where, F is free group generated by x1, x2 (say) and R is the normal 
subgroup of F generated by r1, r2 where r1 = , rrx2 2= xtx−2 1x2

1
1
−x . Then the Fox derivatives 

are: 

1

1

x
r

∂
∂  = 0 , 

2

1

x
r

∂
∂  = x2

r-1+……+ 1,  

1

2

x
r
∂
∂  =  , 

∂r2

∂x2

1
1

1
12

−− − xxx  = – ( + ………+ )x)1(
22

−−− + tt xx 1
2
−x 1x2

1
1
−x +  1

1
−x

Let π : F → M  be the homomorphism induced by the canonical homomorphism of F 

onto M with R as the kernel. Let π(x1) = h1,π (x2) = h2. 
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Theorem 3.1  

The following is a free M-resolution of : 

... ... ... ... ... M  M →  0 
01234 ddddd

YYYYY →→→→→
ε
→

where Y is a right M-module free on α, β and ε, d0, d1, d2, d3… are the M-
homomorphisms given by 

ε(m) = 1, for all m ∈ M, 

d0(α) = h1− 1, d0(β) = h2− 1, 

d1(α) = β(h2
r-1+……+ 1), 

d1(β) = α(h2− 1) (1 + hthhh −−− −β+ 2
1

1
1

1 2+ · · · + ), 1
2
−th

d2(α) = α(h2− 1), 

d2(β) = α(t − )+β(  +· · · + ), 1
1
−h )1(

2
−rth 12 +

th

d3(α) = α( + ... + 1), 1
2
−rh

d3(β) = α( − t( +· · · + 1)) + β( ), 1
1
−h 1

2
−th 12 −

th

d4(α) = α(h2− 1), 

d4(β) = α(t2− )+β( +· · · + ), 1
1
−h )1(

2
−rth 12 +

th

d5(α) = α(h2
r-1+……+ 1), 

d5(β) = α( − t1
1
−h 2( +· · · + 1)) + β( ), 1

2
−th 12 −

th

d6(α) = α(h2− 1), 

d6(β) =α(t3 − )+β( +· · · + ), and so on. 1
1
−h )1(

2
−rth 12 +

th

From the nature of these maps and the modules the sequence is clearly exact.  

Homology Groups of M 

Let A be a left M-module, then homology groups Hn(M, ) are given by the homology 
of the complex: 

... ... ... ... ... 0
01234 22222 →→→→→→→ AAAAAA

ddddd
 

where A 2is written for A × A, and the homomorphisms ,,,,, 43210 ddddd ..., are induced by 

d0, d1, d2, d3, d4, · · · , respectively and are given by 

0d (a1, a2) = (h1− 1)a1+ (h2− 1)a2, 
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1d (a1, a2) = ((h2− 1) a1
1
−h 2, (h2

r-1+· · · + 1)a1+ a1
1
−h 2− ( + · · · + 1)a1

2
−th 2), 

2d (a1, a2) = ((h2− 1)a1+ (t − )a1
1
−h 2, ( +· · · + + 1)a)1(

2
−rth th2 2), 

3d (a1, a2) = ((h2
r-1+· · · + 1)a1+ ( − t( +· · · + 1))a1

1
−h 1

2
−th 2, ( − 1)ath2 2), 

4d (a1, a2) = ((h2− 1)a1+ (t2− )a1
1
−h 2, ( +· · · + + 1)a)1(

2
−rth th2 2), 

5d (a1, a2) = ((h2
r-1+· · · + 1)a1+ ( − t1

1
−h 2( +· · · + 1))a1

2
−th 2, ( − 1)ath2 2), 

6d (a1, a2) = ((h2− 1)a1+ (t3− )a1
1
−h 2, ( +· · · + + 1)a)1(

2
−rth th2 2), 

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 

When A is a trivial M-module , the above homomorphisms reduce to the following: 

0d (a1, a2) = 0, 

1d (a1, a2)  = (0, ra1+ a2− ta2), 

2d (a1, a2)  = ((t − 1)a2, ra2), 

3d (a1, a2)  = (ra1+ a2− t2a2, 0), 

4d (a1, a2)= ((t2− 1)a2, ra2), 

5d (a1, a2)  = (ra1+ a2− t3a2, 0), 

6d  (a1, a2)  = ((t3− 1)a2, ra2), 

· · · · · · · · · · · · · · · 

Therefore, in this case, we have 

H0(M, ) ≅ , 

H1 (M, ) = 
},))1(,0{(

},),{(

2122

2121

1

0

Zaaatra
Zaaaa

dlm
dKer

∈−+
∈

= ≅  ⊕ h(2) where h(1) =h.c.f.(r, 1-t)   

H2 (M, ) = 
)),((

),(
},),)1{((

},;0)1(),{(
)2(

2121

212221

2

1

rshZ
rsZ

Zaaraat
Zaaatraaa

dlm
dKer

∞

∞≅
∈−

∈=−+
= ≅ h(2). 

H3 (M, ) =
},)0,)1({(

},;0)1(),{(

212
2

1

212121

3

2

Zaaatra
Zaaraataa

dlm
dKer

∈−+
∈==−

= ≅ h
(2). 

Where h(2) = (r, 1 – t2), r = h(2)r″, 1 – t2 = h(2)s″. 
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H4 (M, ) = 
)),((

),(
},),)1{((

},;0)1(),{(
)2(

2121
2

212
2

121

4

3

rsh
rs

Zaaraat

Zaaatraaa

dlm
dKer

≅
∈−

∈=−+
= ≅ h

(2). 

H5 (M, ) = 
))0,1((

)0,1(
},)0,)1({(

},;0)1(),{(
)3(

212
3

1

2121
3

21

5

4

hZaaatra

Zaaraataa

dlm
dKer

≅
∈−+

∈==−
= ≅ h

(3), 

where h(3)=(r, 1– t3),r= h(3) r′″, 1 – t3 = h(3)s′″, since 1 = r′″ a1 + s′″ a2 for some a1, a2 ∈ .  

From the nature of the homomorphisms H6(M, ) ≅ h(3).  

Thus, in general, Hi(M, ) ≅ h(n),i = 2n − 1, 2n, n > 1 and h(n) = (r, 1 − tn). 

Cohomology Groups of M 

Let A be a right M-module, then the cohomology groups Hn(M, A) are given by the 
homology of the complex: 

... ... ... ... ...  0
*
0

*
2

*
2

*
3

*
4

*
5

*
6 2222222 ←←←←←←←←← AAAAAAAA

ddddddd

where the homomorphisms , · · · are induced by d*
3

*
2

*
1

*
0 ,,, dddd 0, d1, d2, d3, · · · 

respectively and given by 
*
0d (a) = (a(h1− 1), a(h2− 1)), 

*
1d (a1, a2) = (a2(h2

r-1+· · · + 1), a1(h2− 1) +a1
1
−h 2

1
1
−h − a2( +· · · + 1)), 1

2
−th

*
2d (a1, a2) = (a1(h2− 1), a1(t − )+a1

1
−h 2( +· · · + + 1)) )1(

2
−rth th2

*
3d (a1, a2) = (a1(h2

r-1+· · · + 1), a1( − t( +· · · + 1)) + a1
1
−h 1

2
−th 2( − 1)), th2

*
4d (a1, a2) = (a1(h2− 1), a1(t

2− )+ a1
1
−h 2( +· · · + + 1)), )1(

2
−rth th2

*
5d (a1, a2) = (a1(h2

r-1+· · · + 1), a1( − t1
1
−h 2( +· · · + 1)) + a1

2
−th 2( − 1)), th2

*
6d (a1, a2) = (a1(h2− 1), a1(t

3− )+ a1
1
−h 2( +· · · + + 1)), )1(

2
−rth th2

and so on, for all a, a1, a2∈ A. 

When A is a trivial M-module , the above homomorphisms reduce to the following: 
*
0d (a) = (0, 0), 
*
1d (a1, a2)  = (ra2, a2− ta2), 
*
2d (a1, a2)  = (0, ra2+ a1(t − 1)), 
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*
3d  (a1, a2)  = (ra1, a1(1 − t2)), 
*
4d (a1, a2)  = (0, a1(t

2− 1) + ra2), 
*
5d (a1, a2) = (ra1, a1(1 – t3)), 
*
6d (a1, a2)  = (0, a1(t

3− 1) + ra2). 

Therefore, in that case, we have 

H0 (M,  ) ≅  

H1 (M,  ) ≅ 
}0,0{

},;0),{( 21221
*
0

*
1 Zyyyyy

lmd
Kerd ∈=

≅ ≅  

H2 (M, ) ≅ 
))','((

),(
},1))1(,{(

},;0)1(),{(
)1(

221

211221
*
1

*
2

srhZ
srZ

Zyyytry
Zyyytryyy

lmd
Kerd

∞

∞≅
∈−

∈=−+
≅ ≅ h

(1). 

H3 (M, )≅
},))1({(

},;0)1(0),{(

2212

222
2

22

3

2 2

Zyyytry

Zyyytryyy

dlm
dKer

∈−+

∈=−==
=

))((,0{(
)},0{(

)1(
22

2

hsyry
y
+

≅  

≅ h
(1). 

where h(1) =(r, 1 – t), 1= 'r  y2 + y's 1. 

H4 (M, ) ≅ 
))","((

),(
},))1(,{(

},;0)1(),{(
)2(

211
2

1

212
2

21

3

4 1

srhZ
srZ

Zyyytry

Zyyytryyy

dlm
dKer

∞

∞≅
∈−

∈=−+
= ≅ h

(2). 

H5 (M, ) ≅
))""(,0{(

)},0{(
},))1(,0{(

},;)1(0),{(
)2(2

2

2

211
2

1

212
3

121

4

5

hysyr
y

Zyyytry

Zyyytryyy

dlm
dKer

+
≅

∈−+

∈−==
= ≅ h

(2).  

where h(2) = (r, 1 - t2), 1 = r″y2 + s″y1. 

H6 (M, ) ≅ 
))'",'"((

),(
},))1(,{(

},;0)1(),{(
)3(

212
3

1

212
3

21

5

6 1

srhZ
srZ

Zyyytry

Zyyytryyy

dlm
dKer

∞

∞≅
∈−

∈=−+
= ≅ h

(3). 

Thus in general, Hi (M, ) ≅ h
(n), for i = 2n, 2n + 1, n ≥ 1 and h(n) = (r, 1 − tn). 
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