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Methods of Solution of a Special Class of Differential
Equations

Amulya Chandra Mandal

Dhaka University
Ex-Secretary, Bangladesh Mathematical Society

Different methods for the solution of a class of ordinary
homogeneous differential equations having repeated linear factors of
the operator of the form (D — a)™ will be described here.

Method 1:

Solve (D — a)3y = 0 where D = %

Solution: Let(D —a)?y=u
Then (D —a)u=0= Du=au
= u = Ae®, where A is integrating constant.
= (D — a)?y = Ae®
= (D — a)v = Ae*, where v = (D — a)y

= L (e7ty) = Aete =t = 4

“ [using integrating factor e ~%¢]
= e~ %y = At + B, B is integrating constant.
= v = (At + B)e™
= (D —a)y = (At + B)e*

S L (eaty) = (A + B)e®e % = At + B
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> e My = (g t?+ Bt + C), C is integrating constant.
>y =(5t2+Bt+C)e
2y = (¢ + et + c3t?)e™

=c;(e%) + c,y(te™) + c3(t%e®)

A
where ¢; = C,c, = B,c3 = >

Exponential Shift

We have
(D +a)(e *y) =D(e " *y)+ae %y
= ae *y+ e %Dy + ae ¥y = e %Dy

Similarly, (D + a)?(e~%y) = e~ D2y,

(D+a)* (e ®y) =e (D —a+ a)*y = e D"y,
[where D is replaced by D —a, — a is the coefficient of t in the
exponent]
In general we can write
fO+a)e*y)=e"*f(D—a+a)y)
= e 9f(D)y. (1

This property is known as exponential shift.



Methods of Solution of a Special Class of Differential Equations 0O
Show that (D + a)*(tke™*) = 0fork =0,1,2,......,n — 1.
Proof : In equation (1), let f(D +a) = (D + a)" and y = t*
2 (D+a) (e th) = e (D — a4+ a)*(tF) = e7 %D (tF)

=e %0 fork=01,...,n—1

=0.
Method 2: Solve (D —2)*y =0 (2)
Solution: First we multiply equation (2) by e ~2¢ to obtain

e 2(D-2)*y=0

> (D -2+2)*e?y)=0,
[using the property of equation (1)]

= D*(e™?y) =0
Integrating four times gives
e 2ty = ¢y + eyt + c3t? + cyt3
Finally we get
y = (¢1 + cot + c3t? + ¢, t3)e?t 3)

as the solution of equation (2) .

Note that each of the four functions, e?t, te?t,t?e?t and t3e?! is a
solution of equation (2) and they are linearly independent.

Method 3: Solve (D —p)3y =0 (4)

Solution : Clearly eP* is a solution of (4).
Now let L = (D — p)3
~Llyl= (D -p)’y=0.
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We get
Lle™] = (r —p)’e’® (5)
[Replacing p by variable r in e™]

Differentiating (5) partially with respect to r
9 11omt] = O r(r — )31t
2 L[e™] =+ {(r = p)%e"}
or, L [%ert] = L[te™] = 3(r —p)?e™ + (r — p)3te™ (6)

But L[te"],_, = L[teP'] =0

p
=~ tePt is also a solution of equation (4).
Again differentiating (6) with respect to  we obtain

L[t?e™] = 6(r —p)e" + 3(r — p)?te™t
+ 3(r —p)?te™ + (r — p)3t2e™

which gives L[t%ePt] = 0.
Hence t2eP?t is another solution of equation (4). So far we have get
ePt, tePt and t2eP! as the solution of (4) and they are linearly
independent. The equation is a third order equation. So the general
solution is

y = (c1 + cot + c5t?)ePt.

Therefore, the solution for an equation of any order of this type can
be obtained similarly.
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