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ABSTRACT 
 

The homogeneous and isotropic Brans-Dicke cosmological solutions satisfying Whitrow 
Randall’s[18] relation which have been discussed recently by Berman and Som[2] are re-examined. 
We extend their results and present the most general solution by solving a differential equation 
completely. We show that Mach’s assumption leads to power-law solutions in the Euclidean case. 

 
1. Introduction 
In 1961 C. Brans and R.H. Dicke[3,15] provided an interesting alternative to general 
relativity that was based on Mach’s[7] principle. To understand the reasons leading to 
their field equations, we first note the concept of a variable inertial mass. Masses are 
measured in certain units, such as masses of elementary particles, which are thousands 
subject to change! We need an independent unit of mass against which an increase or 
decrease in mass of a particle can be measured. Such a unit is provided by gravity, by the 
so called Plank mass encountered as follows [8]: 
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χ ; measured at different points in space-time can tell us whether masses m 

are changing. Or alternately, if we insist on using mass units that are the same 
everywhere, a change of χ  would tell us that the gravitational constant G is changing. 
This is the conclusion Brans-Dicke drew from their approach to Mach’s principle. They 
looked for a framework in which the gravitional constant G arises from the structure of 
the universe, so that a changing G could be looked upon as the Machian consequence of a 
changing universe. 

In 1953 D. W. Sciama[5] had given general arguments leading to a relationship between 
G and the large scale structure of the universe. We have already come across one 
example of such a relation in the Friedman cosmologies: 
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Given a dynamical coupling between the inertia and gravity, a relation of the above type 
is expected to hold. Brans and Dicke[14] took this relation as one that determine  
from a linear superposition of inertial contributions

1−G

2rc
m , the typical one being from a 

mass m at a distance r from the point where G is measured. Since rm is a solution of a 
scalar wave equation with a point source of strength m, Brans and Dicke[16] postulated 
that G behaves as the reciprocal of a scalar fieldϕ : , where 1~ −ϕG ϕ  is expected to 
satisfy a scalar wave equation whose source is all the matter in the universe. 

 
2. Models with a Varying Constant of Gravitation 
Gravitational forces are remarkably weak by the standards of atomic or nuclear physics. 

For instance, the ratio of the gravitational to the electric force between the electron and 
the proton has the value [17] 
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The relation among (Hubble Constant), 0,HG pm and the present cosmic baryon number 

density : 0n

2
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This is a relation between two cosmological parameters, n0 and H0, and is the factrequired 
by various cosmological models, such as the Friedmann models. The Hubble’s constant 
H0  is a constant, but a function of the age of the universe. One way of dealing with this 
problem is to replace H0 with a quantity of comparable magnitude that is a constant, for 
instance, in a closed Friedmann model we can use the reciprocal of time it takes for the 
universe to expand to its maximum extent, while in a steady state model, the Hubble 
constant itself will do. 

In 1937 a very different approach was suggested by Dirac[13,10]. Dirac chose G as the 
“constant” 
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In addition, Dirac suggested that relation like (A) also remain true, with a constant factor 
of proportionality, as the universe expands. Since , i.e.,  3−∝ Rn

3

1
R

n ∝ , it follows that, 

using the relation (1)  
2
00 HmGn p ≈                                                                                                                    

Gives 

2

2
3

R
RGR
&

∝−                                                                                                          (2) 

Eliminating  from (1) and (2) let us proceed as follows: ( )tG
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R
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= in (2) we get 
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Now (1) gives 
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From (3) we have   
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Finally, (4) gives a present rate of decrease of the “constant” of gravitation. 
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The gravitational constant G ought to be related to the average value of a scalar field φ , 
which is coupled to the mass density of the universe. 

The simplest generally covariant field equation for such a scalar field would be 

□2                                                                                                                                             
µ
µπλφ MT4=          (7) 

Where □2 ρφφ ρ ;;= is now the invariant d’ Alembertian, λ is a coupling constant, and 
 is the energy momentum tensor of the matter (i.e., everything but gravitation and the µυ

MT
φ -field) of the universe. We can make a rough estimate of the average value of φ by 
computing the central potential of a gas sphere with the cosmic mass 
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density and radius equal to the apparent radius of the 
universe . This gives an average value 
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Note that is reasonably close to the constant 12710 −gcm 1281035.11 −×= gcmG ; hence 
we normalize ϕ  so that  

 G1≅φ                                                                                                             (9) 

And (8) then shows that λ is a dimensionless number of order unity. These considerations 
led Brans and Dicke to suggest that the correct field equations for gravitation are obtained 
by replacing G with φ1  and including an energy momentum tensor  for the µυ

φT φ -field 
in the source of the gravitational field: 
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The most general symmetric tensor that can be built up from terms each of which 
involves two derivatives of one or two φ -fields, and φ  itself, is 
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The unique solution is  
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Where ω  is a convenient dimensionless constant given by 
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The field equation (7) of the Brans-Dicke[8] theory now read 
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φ  is assumed to obey a field equation 
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Where equation (10) can be read as 
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The Bianchi identities then require the gravitational field equation to take the form (15), 
or equivalently 
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This theory becomes equivalent to that of Jordan in the special case of an energy 
momentum tensor with vanishing trace. 

In applying the Brans–Dicke theory to cosmology, we again consider the universe to be 
smeared out into a homogeneous isotropic continuum. The metric then has the 
Robertson-Walker form 

 ( )
⎭
⎬
⎫

⎩
⎨
⎧

++
−

−= 22222
2

2
222 sin

1
φθθτ drdr

kr
drtRdtd                                  (17) 

The energy momentum tensor has the perfect fluid form 

 ( ) µυυµµυ ρ PgUUpT ++=                                                                             (18) 

gives the time- time component of equation (16) as 
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while the space-space components of equation (16) gives 
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And the time-space components simply say that zero equals zero. The field equation 
(14) for φ  here reads  
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Now we derive the conservation equation: 

We have the solution of time-time component is 
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Differentiating equation (22) with respect to t we get 

 ( ) 03 =++ PH ρρ&                                                                                           (23) 
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If P3=ρ then from equation (22) we get, 
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We can recover (19) and (20) from the derivative of (21), so the fundamental equations of 
the Brans-Dicke cosmology may be taken as (21), (23) and (24), plus an equation of state 

giving P as a function of ρ . In addition, equation ς
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gravitational “constant” measured by the observation of slowly moving particles or in 
time dilation experiments is 
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where 
φ

ς 1
= ; it is called coordinate and it is function of time. 

 
3. New Result  
We have an idea about the homogeneous and isotropic Brans-Dicke cosmological 
solutions. Now we show that Mach’s assumption leads to power-law solutions in the 
Euclidean case. 

Over the years there has been a great deal of interest in Mach’s principle, viz., that the 
inertia of a body and hence its gravitational properties ought to arise from the rest of the 
matter in the universe. There are many different formulations of Mach’s principle, and 
one of these is the Whitrow-Randall relation (WRR) [18] given by Berman and Som[2] 
as   

1~
R
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Where M and R stand for the mass and radius, respectively, of the visible universe. 
Relation (26) suggests either that RM is constant, or that the gravitational “constant” G 
should vary. The later idea found fruition in Brans-Dicke theory (BDT) in which G is 
related to a scalar field which is determined by the distribution of matter of the universe. 
Of all the alternatives to general relativity, BDT is considered most seriously. 

The field equations in Brans-Dicke theory(BDT) for the Robertson-Walker metric 
and for a perfect fluid are, in suitable units 

ρ
ω
γφφ

23
343

+
−

=+
R
R&&&&                                                                                      (27) 

From equation (22) we obtain 
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The gravitational parameter G is related to φ  by 
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Where ( ) ( )3242 ++= ωωA .The WRR may also be written in the form 
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The deceleration parameter q is defined by 
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Berman and Som derived their solutions by assuming a constant deceleration parameter 
as well as the WRR. Here, we consider the Euclidean case 0=k . We show that by 
assuming only the WRR, we obtain solution in which deceleration parameter is 
automatically constant. 

From the conservation equation we have 
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For the matter dominant universe 0=P  then  
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which is the solution for the radiation dominant universe 

 The conservation equation (31a), for generalization of (32) and (33) we write the 
following relation: 

γρ 3−= JR                                                                                                                                                        

where 21 ≤≤ γ  and J=constant 
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 Or γρ 3RJ=                                                                                                     (34) 

Now substituting equation (30) and (34) in equation (31) we get 
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Again differentiating (35) with respect to t we get 
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Putting in equation (29) we get 0=k
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By substituting these values in (37) we get 
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≡  is the Hubble parameter. The solution is 
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it has been shown that in order for structure formation to occur in the power-law 
inflationary scenario, we must have 8≥ω . Then considering negative sign we get  
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Also considering positive sign we get 

                                                                                                                         (40) ξζ tR =

Where ζ =constant of integration. 

Concluding Remarks: 
We have re-examined the Robertson-Walker cosmological models in Brans- Dicke theory 
that satisfies Mach’s principle in the form of the Whitrow Randall’s relation (WRR). The 
error in the paper of Berman and Som has been corrected and we have extended their 
results. This enabled us to find the more general solutions in the form of power law by 
obtaining the equation (40). Such power-law solutions appeared to have been first found 
by Nariai[9]. As a result the cosmic scale factor grows as a large power of time rather 
than exponentially (de-sitter model) [4]. This means that in extended inflation the 
physical volume of space remaining in the false vacuum grows only as power of time and 
not exponentially and unlike Guth’s[1] original model, bubble nucleation can convert all 
of space to the true vacuum. The extended inflation is not without problems, most notably 
“the big bubble problem” [6]. Inflation ends through bubble nucleation and percolation; 
the faster the universe expands, determined by the Brans-Dicke parameter ω , the broader 
the distribution of bubble sizes and the higher the level of in homogeneity. Achieving 
sufficient homogeneity requires ω to be less than about 20; unfortunately, solar-system 
tests of JBD (Jordan Brans-Dicke) theory constrain ω  to be greater than about 500. But in 
our problem we simply consider the value of the parameter 8≥ω  for the power-law 
expansion.     
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